We analyse possibility to extend a quantum operation (sub-unital normal CP linear map on the algebra B(H) of bounded operators on a separable Hilbert space H) to the space of all operators on H relatively bounded w.r.t. a given positive unbounded operator.
Introduction
Unital and subunital completely positive (CP) normal linear maps between algebras of bounded operators play important role in the quantum theory. Unital CP linear maps called quantum channels describe evolution of open quantum systems (in the Heisenberg picture), subunital CP linear maps called quantum operations are also used essentially, in particular, in the theory of quantum measurements [5, 14, 16] .
In the standard description of a quantum system dynamics a quantum channel (operation) acts on bounded observables -Hermitian bounded operators on a separable Hilbert space associated with the system. But for many important physical quantities (the position, momentum, etc.) the corresponding observables are unbounded Hermitian operators. So, the question arises of extending the quantum channel (operation) to unbounded observables. For a given channel (operation) 1 Φ : B(H) → B(H) this question can be solved by using the Stinespring representation
where V Φ is an isometry (contraction) from the system space H into the tensor product of this space and some separable Hilbert space K (typically called the environment space). Indeed, for any Hermitian unbounded operator A the r.h.s. of (1) defines some linear operator on H. But we can say nothing about the domain of this operator, since in general the range of V Φ does not coincide with H ⊗ K. In particular, we can not assert that the domain of this operator is dense in H.
2
For quantum channels (operations) of special classes the existence of an adequate extension to unbounded operators are well known. For example, any Bosonic Gaussian channel is well defined on the algebra of all polynomials of canonical observables (which are unbounded operators) and transforms this algebra into itself [5, Ch.12] . In this paper we analyze the extension problem in full generality not assuming in advance any special properties of a quantum channel (operation).
Speaking about extension of quantum channels (operations) to unbounded operators we will restrict attention to operators relatively bounded w.r.t. the operator √ G (briefly √ G-bounded operators), where G is a given positive densely defined operator on H, i.e. to the operators A well defined on the domain D( √ G) of √ G such that
for some nonnegative numbers a and b [6, 12] . This is explained, in particular, by the following physical reason: the quantum observables corresponding to important physical quantities are √ G-bounded operators provided that either G or some power of G is a Hamiltonian of a quantum system.
The linear space of all √ G-bounded operators can be made a Banach space by equipping it with any of the operator E -norms · G E induced by G [10] . 3 For given E > 0 the operator E -norm of a bounded operator A is defined as
= sup ρ∈S(H):TrGρ≤E
TrAρA * , where the supremum is over all states ρ (positive trace class operators on H with unit trace) such that TrGρ ≤ E. This definition is naturally extended to all √ G-bounded operators (see Section 2.2).
In this paper we prove that formula (1) defines a bounded linear operator on the Banach space B G (H) of all √ G-bounded operators with the norm · G E provided that TrGΦ * (ρ) < +∞ for any state ρ such that TrGρ < +∞,
where Φ * is the predual map to the channel (operation) Φ. We also prove that for a large class of quantum channels and operations condition (2) is necessary for continuity of the map A → Φ(A) on B(H) w.r.t. the norm · (operation) from this class then formula (1) defines a bounded linear operator on the Banach space B G (H) if and only if condition (2) holds. By noting that any Bosonic Gaussian channel Φ satisfies condition (2) provided that G is the number operator in the multimode Bosonic system we consider some applications of the above general results to these channels.
Preliminaries

Basic notations
Let H be a separable infinite-dimensional Hilbert space, B(H) -the algebra of all bounded operators on H with the operator norm · and T(H) -the Banach space of all trace-class operators on H with the trace norm · 1 (the Schatten class of order 1) [6, 12] . Let T + (H) be the positive cone in T(H) and S(H) the set of quantum states -operators in T + (H) with unit trace [5] .
Denote by I H the unit operator on a Hilbert space H and by Id H the identity transformation of the Banach space T(H).
A completely positive (CP) normal unital (corresp., subunital) linear map Φ : B(H) → B(H) is called quantum channel (corresp., operation) in the Heisenberg picture. 4 Its predual map Φ * : T(H) → T(H) defined by the relation
is called quantum channel (corresp., operation) in the Schrodinger picture [4] . For any quantum channel (corresp., operation) Φ the Stinespring theorem (cf. [13] ) implies existence of a separable Hilbert space K and an isometry (corresp., contraction)
and, respectively, Φ * (ρ) = Tr K V Φ ρV * Φ , ρ ∈ T(H), where Tr K denotes the partial trace over the space K. The Stinespring representation (3) is called minimal if the linear span of the set {(A ⊗ I K )V Φ ϕ | A ∈ B(H), ϕ ∈ H} is dense in H ⊗ K. The dimension of the space K in the minimal Stinespring representation is called the Choi rank of a channel (operation) [5, Ch.6] .
For any quantum operation Φ :
holds for any A ∈ B(H).
We will consider unbounded densely defined positive operators on H having discrete spectrum of finite multiplicity. In Dirac's notations any such operator G can be represented as
and the domain
is the orthonormal basis of eigenvectors of G corresponding to the nondecreasing sequence {E k } +∞ k=0 of eigenvalues tending to +∞. We will use the following (cf. [17] ) Definition 1. An operator G having representation (5) is called discrete.
Relatively bounded operators and the operator E -norms
In this paper we will consider operators on a separable Hilbert space H relatively bounded with respect to a given positive semidefinite densely defined operator. For our purposes it is convenient to denote this positive operator by √ G assuming that G is a positive semidefinite operator on H with dense domain D(G) such that
A linear operator A is called relatively bounded w.r.t. the operator
and
for some nonnegative numbers a and b [6] . The 
is a Banach space. 5 For our purposes it is more convenient to use the equivalent norm
5 We identify operators coinciding on D( √ G).
on the linear space of all √ G-bounded operators. The supremum here is over all states ρ in S(H) such that TrGρ ≤ E.
6 By Lemma 5 in [10] for any √ G-bounded operator A the function ρ → AρA * is well defined on the set T
where ρ = i |ϕ i ϕ i | is any decomposition of ρ ∈ T + G into 1-rank positive operators. This function is affine and takes values in T + (H). So, the r.h.s. of (9) is well defined for any √ G-bounded operator A. Due to condition (6) the supremum in (9) can be taken over all operators ρ ∈ T + (H) such that TrGρ ≤ E and Trρ ≤ 1 [10, Prop.3] .
The norm · 
This extension (also denoted by A ⊗ I K ) has the following property 
On G-limited quantum operations
Let Φ : B(H) → B(H) be a unital CP normal linear map (quantum channel in the Heisenberg picture) and Φ * : T(H) → T(H) its predual map (quantum channel in the Schrodinger picture). Let G be a positive (semidefinite) operator on H with dense domain D(G) satisfying condition (6) . If G is treated as a Hamiltonian of a quantum system associated with the space H then for any state ρ in S(H) the value of TrGρ (finite or infinite) is the (mean) energy of (the system in) the state ρ [5] . The states with finite energy can be produced (in principal) in a physical experiment while the states with infinite energy are physically unrealizable. So, it is reasonable to assume that a real (physically realizable) quantum channel Φ * maps states with finite energy into states with finite energy, i.e.
TrGΦ * (ρ) < +∞ for any state ρ such that TrGρ < +∞.
A quantum channel Φ satisfying the following formally stronger condition
for some E > 0 is called energy-limited in [17] , where it is pointed that this condition holds for many quantum channels used in applications. Due to condition (6) the
is finite for some E > 0 then it is finite for all E > 0. The quantity Y Φ (E)/E can be called the energy amplification factor of a quantum channel (operation) Φ. In fact, conditions (18) and (19) are equivalent. This follows from Lemma 3 below.
To not be limited to the case when G is a Hamiltonian of a quantum system we will use the following Definition 2. A quantum operation 10 Φ : B(H) → B(H) is called G-limited if equivalent conditions (18) and (19) hold. The structure of S(H) as a convex set implies the following useful fact. Proposition 1. If G is a positive unbounded discrete operator (5) then
for any quantum operation Φ : B(H) → B(H), where H * is the linear span of all the eigenvectors τ 1 , τ 2 , ... of G, i.e. the supremum in (19) can be taken only over pure states corresponding to the vectors in H * . Proposition 1 follows from Lemma 2 below, since the functions ρ → TrGρ and ρ → TrGΦ * (ρ) are affine and lower semicontinuous.
Lemma 2. Let G be a positive unbounded discrete operator (5) on a Hilbert space H and f a convex lower semicontinuous function on S(H). Then
where H * is the linear span of all the eigenvectors τ 1 , τ 2 , ... of G. Proof. Denote by H n and P n the subspace spanned by the eigenvectors τ 1 , τ 2 , ..., τ n−1 and the projector on this subspace correspondingly.
Assume that A = sup { f (ρ) | ρ ∈ S(H), TrGρ ≤ E } is finite. For given arbitrary ε > 0 let ρ ε be a state in S(H) such that TrGρ ε ≤ E and f (ρ ε ) > A − ε. For each n let ρ n = [TrP n ρ ε ] −1 P n ρ ε P n . It is easy to see that TrGρ n ≤ E provided that E n ≥ E and that the sequence {ρ n } tends to ρ ε . By the lower semicontinuity of f we have
It follows that there is m such that f (ρ m ) > A − 2ε. Since ε is arbitrary, this shows that
By using Lemma 2 in [10] and the convexity of f we obtain
This and (20) imply the assertion of the lemma, since H * = n H n . The case A = +∞ is considered similarly. Lemma 3. Any finite concave nonnegative function on a closed convex subset of a Banach space is bounded on this subset.
Proof. Let f be a finite concave nonnegative function on a closed convex subset X of a Banach space. Assume that for each n ∈ N there is x n ∈ X such that f (
By the concavity and nonnegativity of the function f we have
for any m. This implies that f (x * ) = +∞.
The main results
Part A of the following theorem gives a sufficient condition for existence of a continuous linear extension of a quantum channel (operation) to the Banach space B G (H) of √ G-bounded operators (described in Section 2.2). Part B implies that for a large class of quantum channels (operations) this condition is also necessary for existence of such extension. 
for any A ∈ B G (H) and E > 0, where Y Φ (E) is the function defined in (19). The operator Φ is bounded w.r.t. the seminorm b √ G (·):
where 
The concavity of the function E → Y Φ (E) implies that the nonnegative function E → Y Φ (E)/E is non-increasing and hence has a finite limit as E → +∞.
12 If Φ has the Stinespring representation (3) then the complementary map Φ is defined as Φ(A) = V * Φ (I H ⊗ A)V Φ , A ∈ B(K) [5, Ch.6] . Assuming that K is a subspace of H we may consider Φ as a map from B(H) into itself.
for any A ∈ B(H) and any ρ ∈ S(H) such that TrGρ ≤ E (since the condition Φ(I H ) ≤ I H guarantees that TrΦ * (ρ) ≤ 1). Hence, by using inequality (15) we obtain
Let A be an arbitrary operator in B G (H). If the map Φ has representation (3) then the predual map has the form Φ * (ρ) = Tr K V Φ ρV * Φ . So, the finiteness of
. By Lemma 1 the operator A ⊗ I K has a unique extension to the set D( √ G ⊗ I K ) satisfying (17) . So, the operator
does not depend on representation (3). Indeed, for any other Stinespring operator
.
By Lemma 1 the r.h.s. of this inequality coincides with Φ(I
. Thus, inequality (21) follows from expression (11) for V *
and inequality (15) . Inequality (22) is proved by using formula (16) and the first inequality in (21). B) Assume that Φ(A)
for some E > 0 and k E ∈ (0, +∞). It follows from (15) that the boundedness relation (23) with finite k E holds for all E > 0. Assume that the operator G has representation (5). Denote by H n and P n the subspace spanned by the eigenvectors τ 1 , τ 2 , ..., τ n−1 and the projector on this subspace correspondingly. Let (3) be the minimal Stinespring representation for Φ. It means that lin
where lin denotes the linear span of a subset of H ⊗ K.
Assume that Φ has finite Choi rank, i.e. dim K < +∞. Let A be any operator in the unit ball B 1 (H) of B(H). Since A √ GP n ∈ B(H) for all n and
for any unit vector ϕ ∈ D(
It follows from (24) that the function F V * Φ (ψ) = sup A∈B 1 (H) V * Φ (A ⊗ I K )ψ does not take zero values on the unit sphere in H ⊗ K. Indeed, otherwise there is a unit vector ψ in H ⊗ K such that ψ|A ⊗ I K V Φ |ϕ = 0 for all A ∈ B 1 (H) and ϕ ∈ H. Thus, Lemma 4 below and (25) imply that
for any unit vector ϕ ∈ D( √ G) such that √ Gϕ 2 ≤ E, all n and some δ > 0. Hence, TrGΦ * (|ϕ ϕ|) ≤ δ −2 k 2 E E for any such ϕ. By Proposition 1 the map Φ is G-limited. Assume that Φ(P ) = Φ(I H ), where P is a finite rank projector in B(H). We will show first that (23) implies that the vector V Φ |ϕ belongs to the set D(
where {ι j } is an orthonormal basic in K.
It is easy to construct a sequence {c k } ⊂ (0, 1) vanishing as k → +∞ such that
It follows that the vector V Φ |ϕ does not belong to the domain of the operator B ⊗ I K , where
it is easy to show that the assumption B G E ≥ C √ E for some C > 0 and all sufficiently large E leads to a contradiction.
Thus, B ∈ B 0 G (H) and hence the sequence {BP n } ⊂ B(H) tends to the operator B w.r.t. the norm · G E [10, Remark 7] . Thus, {BP n } is a Cauchy sequence w.r.t. the norm · G E . Let P n,m = P m − P n for any m > n and E = √ Gϕ 2 . It follows from (23) that
where |ψ n,m = (P n,m ⊗ I K )V Φ |ϕ . Since Φ(P ) = Φ(I H ), where P is a projector such that rankP = d < +∞, the vector
, where {α i } and {β i } are orthogonal sets of vectors in H d and K correspondingly. We may assume that β i = 1 for all i.
For given n and m denote by H n,m the image of the subspace H d under the projector P n,m . Let U n,m be any unitary operator in
The set A β 1 ,..,β d is compact, since it is the image of the unit sphere in the direct sum of d copies of H d under the continuous map
ψ is lower semicontinuous on H⊗K (as the least upper bound of the family of continuous functions ϕ → V * Φ (A ⊗ I K )ψ , A ∈ B 1 (H)). So, this function attains its infimum on the compact set A β 1 ,..,β d at some vector ψ 0 ∈ A β 1 ,..,β d . It was mentioned before that (24) implies that the function F V * Φ is not equal to zero on the unit sphere in H ⊗ K. Thus,
Denoting this infimum by δ, we obtain
where the first equality follows from the definition of the function F V * Φ . Since {BP n } is a Cauchy sequence in B(H) w.r.t. the norm · G E , the r.h.s. of (26) tends to zero as n, m → +∞. Thus, (26) and (27) imply that {|(B ⊗ I K )ψ n }, where |ψ n = (P n ⊗ I K )V Φ |ϕ , is a Cauchy sequence of vectors in H ⊗ K. So, it has a limit in H ⊗ K. Since the sequence {|ψ n } tends to the vector V Φ |ϕ and the operator B ⊗ I K is closed, the vector V Φ |ϕ belongs to the domain of B ⊗ I K contradicting the above assumption. Thus,
The density of D( √ G) in H shows that the minimal subspace H d containing the supports of all the states Tr K V Φ ρV * Φ , ρ ∈ S(H), is spanned by the eigenvectors of all the states Tr K V Φ |ϕ ϕ|V * Φ , ϕ ∈ D( √ G), corresponding to nonzero eigenvalues. By using this it is easy to show that (28) implies that H d ⊂ D( √ G). It follows that the restriction of √ G to the subspace H d is a bounded operator, and hence the restriction of √ G ⊗ I K to the subspace H d ⊗ K is a bounded operator. Thus,
is a bounded function on the unit ball of H. It follows that ρ → TrGΦ * (ρ) is a bounded function on S(H). Lemma 4. Let H and K be separable Hilbert space and dim K < +∞. Let C be any operator in B(H ⊗ K). If
where B 1 (H) is the unit ball in B(H) and [H ⊗ K] 1 is the unit sphere in H ⊗ K, and this infimum is attainable. Remark 4. The assertion of Lemma 4 is not valid if dim K = +∞ [11] .
Proof. Note first that the function F C (ϕ) is lower semicontinuous on H ⊗ K (as the least upper bound of the family of continuous functions ϕ → C(A⊗I K )ϕ , A ∈ B(H).
Let {τ k } be an orthonormal basis in H, n = dim K and A be the set of unit vectors H ⊗ K having the representation
Since A is the image of the unit sphere in the direct sum of n copies of K under the continuous map
the set A is compact. So, the lower semicontinuous function F C (ϕ) attains its infimum on A at some vector ϕ 0 ∈ A and hence this infimum is positive by the assumption.
To complete the proof of the lemma it suffices to note that
This follows from the definition of F C , since any vector in [H ⊗ K] 1 can be represented as (U ⊗ I K )|ϕ , where U is a unitary operator in B(H) and ϕ is a vector in A.
Generalizations to quantum channels and operation between different systems
For simplicity in the previous sections we restrict attention to CP linear trasformations of the algebra B(H). All the results presented therein are directly generalized to CP normal linear maps from B(H) into B(H ′ ), where H and H ′ are separable Hilbert spaces. Since all such spaces are isomorphic, the only essential feature of this case is the possibility to chose different operators G and G ′ on these spaces. So, we have to generalize the notion of G-limited quantum operation as follows.
Definition 3. A quantum operation Φ :
where Φ * : T(H ′ ) → T(H) is the predual operation. By Lemma 3 condition (29) is equivalent to the following
for some E > 0. Since the function E → Y Φ (E) is concave, the finiteness of Y Φ (E) for some E > 0 implies its finiteness for all E > 0.
The following proposition generalizes Proposition 1 in Section 2.3. It is proved similarly by using Lemma 2.
Proposition 2. If G ′ is a positive unbounded discrete operator (5) then 
for any A ∈ B G (H) and E > 0, where Y Φ (E) is the function defined in (30). The operator Φ is bounded w.r.t. the seminorms 
⊤ be the 2s-vector of the canonical observables -linear unbounded operators on the space H with common dense domain satisfying the commutation relations
Physically, the operators q 1 , ..., q s and p 1 , ..., p s can be treated, respectively, as generalized position and momentum observables of the s-mode quantum oscillator.
Let
⊤ be the 2s ′ -vector of the canonical observables of the Bosonic system described by the space H ′ . Any Gaussian channel Φ K,α : B(H) → B(H ′ ) can be correctly extended to the algebra of all polynomials in the canonical observables q 1 , ..., q s and p 1 , ..., p s . Moreover, it transforms any such polynomial into a polynomial in the canonical observables q [5] . In particular, by using this way one can show that
where Sp denotes the spur (trace) of a (2s) × (2s) matrix. In many cases the Hamiltonian (energy observable) of a Bosonic system has the form R ⊤ εR, where ε is a real positive nondegenerate matrix [5, 15] . So, we will assume that
where ε and ε ′ are real positive nondegenerate (2s) × (2s) and (2s ′ ) × (2s ′ ) matrices, c ε and c ε ′ are the infima of the spectrum of the positive operators R ⊤ εR and [
In the following lemma we use the notion of a GG ′ -limited channel (Def.3) and the function Y Φ (E) defined in (30).
Lemma 5. Let G and G ′ be the operators defined in (34). Then any Gaussian channel
where a = ε K 2 /m(ε ′ ), m(ε ′ ) is the minimal eigenvalue of ε ′ , and b = ε Spα.
13
Proof. By using relation (33) we obtain 
Indeed, since m(ε)R ⊤ R ≤ R ⊤ εR ≤ ε R ⊤ R, where m(ε) is the minimal eigenvalue of ε, it is easy to see that B G (H) = B N (H) for any operator G defined in (34) and that the norms · Remark 6. It is well known that any Gaussian channel Φ K,α is well defined on the linear span of the canonical observables q 1 , ..., q s and p 1 , ..., p s contained in B N (H) and maps it into the linear span of the canonical observables q 
